3 Inference to unobservable entities, such as points or instants, cannot be justiWed if "physics can be interpreted without assuming [them] " (HK 2 , pp. 268-9).
4 HK 2 , pp. 276-7. 5 An individual is to be understood as what can be counted as one. We could think of a transient particular, i.e., an event, such as the falling of a leaf, which takes some Wnite amount of space-time, or of an ordinary particular such as Russell's example of Caesar, who is the series composed of transient particulars which constitute the individual who was called "Caesar". Russell's project in the later period is to analyse individuals in such a way that there are no longer two fundamental ontological kinds (particulars and the qualities that they exemplify), but only one, that is, universals (qualities and relations).
6 IMT 2 , Chap. 6, "Proper Names", pp. 94-107. Russell announces in the beginning of this chapter that he "propose [s] to abolish what are usually called "particulars", and own, is that points or instants are not things we can experience.
3 But Russell wants to base our knowledge of the external world on elements that we can experience. Since we can and do experience events (or rather, a subset of them), he argues, events make a good candidate from which to construct points. 4
1.wuniversals, particulars, and point-instants
Russell, throughout most of his early career, espouses a dualist ontology with both particulars and universals (qualities and relations). At any given time in his career, if he defends the ontological category of particulars, he appeals to various combinations of three reasons for this category: (i) to account for qualitatively identical but numerically distinct individuals, 5 (ii) to give an account of events, and (iii) to construct pointinstants on the hypothesis that space and time are relative. Russell's argument for (iii) is that, having abandoned absolute space and time for relative space-time, we must have numerically diverse particulars in order to generate spatio-temporal series in relative space-time (MPD, p. 121). Around 1911 it seemed to him that "the time series and the space of geometry could not be constructed without the use of materials that had unique spatio-temporal position, and that such materials could not be found if particulars were rejected" (ibid.).
The later Russell (in An Inquiry into Meaning and Truth [1940] and Human Knowledge [1948] ), however, explains all of the above using universals alone. 6 He shows in the Inquiry that individuals are reducible to be content with certain words that would usually be regarded as universals, such as "red", "blue", "hard", "soft", and so on" (pp. 94-5). 7 Events are explained as incomplete complexes of compresent qualities (HK 2 , p. 305). I should note that in an early chapter of Human Knowledge on proper names, Russell contemplates events as complete complexes of qualities (p. 83), which suggests that he wants to keep events as the elements of construction. But at the end of this chapter he notes that this "discussion of proper names is not intended to be conclusive. The subject will be resumed in other contexts, especially in Part Four, Chapter viii" (p. 84n.). 8 In Human Knowledge, Russell Wrst gives an account of the construction of pointinstants from events, but later in the book he concludes that we should instead construct point-instants out of qualities. 9 The compresence relation in perceptual terms is the simultaneity and overlapping of experience, and in physical terms it is the overlapping of qualities in physical spacetime (AMa, p. 294; HK 2 , p. 329).
10 Russell hints at this circularity in his discussion of A.yN. Whitehead's constructions: "Starting from events, there are many ways of reaching points. One is the method adopted by Dr. Whitehead, in which we consider 'enclosure series'. Speaking roughly, we may say that this method deWnes a point as all the volumes which contain the point. (The niceties of the method are required to prevent this deWnition from being circular …)" (AMa, pp. 291-2). qualities, and in Human Knowledge that events need not be taken as ultimate since they can also be explained in terms of qualities.
7 Again in Human Knowledge, he employs qualities, instead of events, for the construction of point-instants. 8 Thus, the later Russell shows that there is no theoretical need for a distinct ontological category of particulars.
2.winitial definition of a point-instant in
"the analysis of matter"
In the Analysis of Matter, a point-instant is deWned as "a group of events having the following two properties: (1) Any two members [events] of the group are compresent; 9 (2) No event outside the group is compresent with every member of the group" (p. 295).
Events a, b and c form a point if and only if any two are compresentz -Kzz(a, bz ), Kz z (b, cz ), and Kz z (a, cz )z -z and there is no event x such that Kz z (x, az ) and Kz z (x, bz ) and Kz z (x, cz ). The region where all these events are compresent in this manner is to be called a point.
Russell does not deWne a point as a class where all events in a group are compresent and no event outside the group is compresent with every event in the group. For this would make the deWnition circular:
10 events are particulars which take up some Wnite space-time, and the require-11 Hochberg claims that the order of construction is reversed in Human Knowledgez: particulars are constructed out of qualities (The Positivist and the Ontologist: Bergmann, Carnap, and Logical Realism [Atlanta: Rodopi, 2001 ], pp. 40-1). Goodman calls the problem of "constructing repeatable 'universal' 'abstract' qualities from concrete particulars" the problem of abstraction, and the converse problem of "constructing unrepeatable concrete particulars from qualities" the problem of concretion (The Structure of Appearance, ed. GeoTrey Hellman [Dordrecht: Reidel, 1977 (1st edn. 1951 ], p. 106). Even though there are interesting diTerences between the two problems, Goodman holds that they are "so closely parallel that to explain one is to explain a good deal about the other" (ibid. ment that all events be compresent assumes a common particular point instead of yielding a "particular" point as a result of the deWnition. But when the relation of compresence is limited to "any two events", there is no circularity.
However, this initial deWnition of a spatial point creates a problem. It can be unproblematically employed in constructing instants in one dimension, such as a merely temporal series. But when using two-dimensional elements, such as circles, a two-place compresence relation does not suUce to yield a point. If you take three circles a, bz and c, where any two overlap with each other, it is possible that there is no region common to all three of them. That is, it is possible that any two events may overlap, while all three do not, in which case we will not have constructed a point (AMa, p. 295).
H. Hochberg claims that this problem is the same type of problem facing constructions 11 for which N. Goodman became famous for naming "the imperfect community problem" in The Structure of Appearance in 1951.
12 Goodman shows that Carnap's attempt to construct a quality class (like redness) out of erlebsz -z total momentary experiences (particulars)
13 z -z confronts the problem of imperfect community with a two-place similarity relation. Suppose we have three erlebsz : an erleb whose parts include the qualities of blackness and blueness, another of blueness and redness, and another of redness and blackness. Such a group of erlebs would satisfy the two conditions for the identity of a quality class, which are: (1) Any two elements of a colour class stand in the relation of similarity to one another. (2) which stands in the relation of similarity to all things in the class. 14 Yet, our three particulars do not form a quality class, because there is nothing common to all of them. 15 Similarly, when constructing points from events, a two-place compresence relation does not necessarily yield a point in two or more dimensions. The reason is that starting from the second dimension a two-term relation will allow the possibility that any two pairs in a group overlap, but not all of them do. Consider lines A, B and C, which are one-dimensional. If any two intersect and there is no line D outside the group which intersects all of them, then there will be a point they all have in common. But if we take planes (two-dimensional), any two pairs of planes might have an area in common, without all of them having an area in common.
Hochberg claims that Russell was aware of this problem and provided a solution for it in the Analysis of Matter. It is true that Russell provided a solution for it in that work, but he was not aware of the problem until Ramsey brought it to his attention in a letter dated simply "Oct 29th", which I shall show was written in the year 1926.
3.wramsey's letter to russell
Ramsey's letter suggests that Ramsey had either read the manuscript of the Analysis of Matter or discussed the theory of compresence with Russell earlier. For in this letter, Ramsey identiWes a problem with the theory of compresence. But there is no other correspondence available between Ramsey and Russell, before the publication of the book, to suggest that Ramsey was already acquainted with Russell's theory of compresence. There is a letter written by Bertrand to Dora Russell on 20 March 1926, 16 in which Russell tells Dora that he met with Ramsey and discussed mathematical logic the previous day; 17 but he does not mention any topic in particular. Admittedly, Ramsey would already have been acquainted with the method of constructing points and instants in general, since it is neither a method original to the Analysis of Matter, nor original with 18 Whitehead deWnes a point as an abstractive set of events: (i) of any two of its members one extends over the other, (ii) there is no event which is extended over by every event of the set (An Inquiry Concerning the Principles of Natural Knowledge [Cambridge: Cambridge U. P., 1919], p. 104).
19 An instant is deWned as a group of events where any two overlap with each other, "so that there is some time, however short, when they all exist" and there is no event outside the group simultaneous with all the events inside the group (OKEW, p. 118; OKEW 2 , p. 124). A point is deWned as a set of overlapping spatial objects or volumes, which would be sense-data (and sensibilia) at the time (p. 120). 20 There is a diUculty about "compresence" which I'm sorry not to have seen before. The three circles each intersecting the other two or like this (any two are compresent) can form a "copunctual set" but in the ordinary sense they may contain no common point. I don't see an easy way of getting over this. Of course with only 1 dimension like psychological time it would be all right [.] Yours I compared Chapter 28 ("The Construction of Points") of the manuscript 28 of the Analysis of Matterz with the published version. They are virtually the same until the end of the preliminary deWnition of a point on page 295, quoted above under §2. From here on in the published version, the text changes with Russell discussing the problem that Ramsey mentioned in his letter. Four pages later in the published version, toward the end of page 299, Russell returns to where he left oT in the manuscript. It seems clear that he had not recognized the problem before Ramsey brought it to his attention. Russell must have found Ramsey's problem worrying enough that he sought a solution before the book's publication. He does acknowledge Ramsey's "valuable help in regard to certain portions of the work" in the Preface and (concerning Zermelo's axiom) on page 299 of that work, but he does not do so in regard to this speciWc problem. 
4.wthe solution to the problem in "the analysis of matter"
In those four pages in the published version, Russell gives the solution to the problem and entertains a further diUculty in relation to topological spaces. As a solution to the problem raised by Ramsey, i.e., that there may be no common point to three circles with a two-place compresence relation between them, Russell suggests that we take the compresence relation among events in two dimensions to be three-place so that all three events (represented by circles) would have to have a region in common (AMa, p. 295) . This is the "nz +1 method": if the number of spatial or spatio-temporal dimensions of the elements of construction is represented by n, the number of the terms of the compresence relation has to be nz +1. It is in Human Knowledge that Russell expresses the solution using the phrase "nz +1": "In n dimensions the deWnitions are the same, except that the original relation of copunctuality has to be between nz +1 regions" (HK 2 , p. 280). The number of terms of the compresence relation is based on the number of dimensions involved in construction (ibid.). Thus, if we are constructing a point using planes, which are two-dimensional, we will need a compresence relation with three places. And when we are constructing a point-instant using events we will require a Wveplace compresence relation because events are both in space and time; hence they are four-dimensional. The further diUculty that Russell discusses in relation to topological spaces is this. Suppose there are three circles, a, b and c and one oddshaped region, d, such as a horseshoe. Since the elements of construction are two-dimensional, they should form a point if any three are compresent and no region outside the group is compresent with all the regions in the group. Owing to the odd-shaped region, d, it may be that even though any three of the regions are compresent, all of them are not. In other words, the two conditions of the deWnition of a point in the revised formz -z i.e., that any three members in the group are compresent, and there is no member outside of the group that is compresent with all the members in the groupz -z would be satisWed, but still we would not get a point. Russell, after a detour in topology (or analysis situsz ) in the Analysis of Matter, concludes that such odd shapes will not constitute a problem because we can safely assume that every such odd shape is topologically 30 Russell proposes the same solution in Human Knowledgez: "We shall assume that the areas with which we are concerned are all either circles, or such shapes as can result from circles by stretching or compressing in a manner which leaves them oval" (p. 280). equivalent to a spherical volume in metric space (p. 299). 30 Thus, if such an odd shape is among the members, it can be turned into a sphere, in which case there would always be a common region between all the members of the group with the nz +1 method.
5.wfinal proposal for the construction of point-instants in "human knowledge"
Initially in Human Knowledge, Russell repeats the account he gave in the Analysis of Matter for the construction of point-instants. But after completing the exposition of the account, he notes that "Events" are to be taken, in the present discussion, as the undeWned raw material from which geometrical deWnitions are to be derived. In another context, we may have to inquire as to what can be meant by an "event", and we may then be able to carry analysis a step further,* but for the present we regard the manifold of "events", with their spatial and temporal relations, as empirical data.
(HK 2 , p. 281)
One of the places to which the starred footnote in the above passage directs the reader is Chapter 8 of Part Four. In this section, Russell explains that in the earlier chapters of Human Knowledge he used events as "raw material" for the construction of points and instants. He notes that he has so far "assumed, in [his] constructions, that a single event may occupy a Wnite amount of space-time, that two events may overlap both in space and in time, and that no event can recur." He explains that he provisionally regarded events as particulars, that is, as ultimately diverse and indeWnable (HK 2 , p. 293). But in Chapter 8 of Part Four, he works on constructing space-time order using raw materials that do not recur, in distinction from raw materials that cannotz recur (ibid.). What Russell refers to by the former phrase are complete complexes of qualities. These complexes are such that it is highly unlikely, but logically possible, for them recur. Events, on the other hand, are such that they cannot recur since they are taken to be particulars (i.e. substances).
As of 1940, Russell aimed to eliminate particulars in the sense of un- 31 In My Philosophical Developmentz Russell reiterates this point that he had to Wnd another way because he wanted to avoid the traditional notion of substance as pegs from which predicates hang (pp. 119-20) . 32 D. Bostock raises the question as to whether one could construct both points and events from a "more neutral source" ("Whitehead and Russell on Points", Philosophia Mathematicaz 18 [2010] : 1-52 [at 43]). Qualities for the later Russell may be interpreted to be this source. Bostock points out that both constructing points from events and constructing events from points result in ontological economy (ibid.). I take him to mean quantitative economy, since both events and points are of the same ontological kind, i.e., particulars. Russell, when he takes qualities as the only fundamental kind, and deWnes both events and points in terms of qualities, achieves a more signiWcant ontological economy since the economy is qualitative. knowable substances. In the Inquiry and Human Knowledgez he is working towards an ontology with universals as the only ultimate kind of reality. In Human Knowledge, he manages to reduce all particulars to complexes of compresent qualities. But unless he is able to construct the space-time series without appeal to events, which are particulars, he will not have succeeded in his project. Thus, Russell rejects events as ultimate because he aims to eliminate all kinds of particulars (events as well as individuals) so as to avoid taking an unknowable entity as fundamental to empirical knowledgez -z and thereby leaving a more parsimonious ontology with universals as the only fundamental kind of entity.
In Human Knowledge, Russell, writing retrospectively, explains his discontent with the construction of point-instants out of events since events are particulars, which are unknowable substances in which qualities inhere (p. 293):
It is diUcult to see how something so unknowable as such a particular would have to be can be required for the interpretation of empirical knowledge. The notion of a substance as a peg on which to hang predicates is repugnant, but the theory that we have been considering [the construction of points and instants from events] cannot avoid its objectionable features. I conclude, therefore, that we must … Wnd some other way of deWning space-time order. (HK 2 , p. 294) This "some other way" is to construct space-time order out of complete complexes of qualities.
31 That is, in order to avoid the unknowable substance, Russell rejects events as the raw elements of construction. Instead, complete complexes of compresent qualities are the elements of construction. And events are explained away in terms of qualities: they are inz complete complexes of qualities. 32 33 Universals are immanent: qualities are not exempliWed in instances; rather they inhere in things. For instance, whiteness is not exempliWed in a white tablecloth; instead whiteness is a constituent of the complex, white tablecloth. Russell states this view as follows: "Such complete complexes take the place of particulars, and in place of such a statement as 'this is white', we have 'whiteness is a constituent of a complex of compresence consisting of my present mental content'z " (MPD, p. 127).
34 "Spatial position in the momentary visual Weld is a quality, varying according to distance from the center of the Weld of vision, and also according as the region in question is above or below, to the right or to the left, of the center" (HK 2 , p. 263).
The relation of compresence is a key universal in Russell's bundle theory of particulars, developed in the Inquiry and Human Knowledge. On his realist version of the bundle theory, a particular is reduced to a complete complex of universal qualities which are compresent.
33 A complex of compresent qualities is "complete" when the complex cannot be enlarged any further without all the qualities in the complex ceasing to be compresent (HK 2 , p. 303). "Complete complexes of compresence are the subjects of spatio-temporal relations in physical space-time.… A complete complex of compresence counts as a space-time point-instant" (ibid. p. 304). Hence Russell's Wnal account of the construction of pointinstants is one where the elements of construction are not events, but qualities.
Russell explains the shift from events to qualities within the realm of private spaces in My Philosophical Development. Earlier he employed events as elements of construction, for he thought he needed elements which have some Wnite extension and which are intrinsically diverse (p. 121). The reason he needed elements which were numerically diverse was that he thought both physical and perceived space are relative. But once he realized that perceived space is in fact absolute, constructing a series in perceived space no longer required elements which are already diverse, since the absolute positional qualities 34 accompanying qualities that we perceive will yield regions that are diverse. Russell employs a similar strategy in constructing temporal series in private times. He recognizes that he does not need numerically diverse elements to account for why a number of rings of the phone we hear are two, and not one. At the time that we hear the Wrst ring, the noise is accompanied by the sensation of presentness. And at the time that we hear the second ring, we think this one is diTerent from the Wrst because the Wrst ring is now accompanied by the sensation of pastness, or immediate memory with a certain degree of remoteness, while the second ring is now accompanied by the 35 And according to Russell, once the series in perceived spaces is constructed, the series of physical space-time can be constructed out of the series in perceived spaces. 36 At HK 2 , pp. 263-5, 295-9. 37 I would like to thank N. GriUn, P. Loptson, R. Arthur, G. Landini, the Editor and my referees for their comments and suggestions. sensation of presentness. Thus, the temporal order in perceived time 35 is accounted for by the compresence of qualities, such as the sound of a phone, with other qualities, such as presentness, pastness or degrees of remoteness. In My Philosophical Developmentz Russell notes that he developed this theory in Human Knowledgez 36 and still Wnds it satisfactory. He prefers this theory "because it gets rid of the need for the unrecognizable and unknowable entities which particulars would otherwise be" (MPD, p. 122).
Consequently, Russell's Wnal position in Human Knowledge on the construction of point-instants is to use qualities for their construction instead of events, and to allow for an unrestricted number of places for the compresence relation. The number of places is no longer restricted to nz +1; the relation will have as many places as there are qualities which stand in that relation. Thus a point-instant is a complete complex of compresent qualities, where (az ) all the qualities in the group are compresent, and (bz ) there is no quality outside the group which is compresent with every quality in the group (HK 2 , p. 304).
Russell employs all of the members of a compresent group, but this deWnition does not face the problem of circularity (as did the deWnition which employed events as members of construction). All the members of the group, yielding a particular point as a result of the deWnition, are universals and not particulars. Therefore, requiring allz of the members to be compresent does not result in a circular deWnition of a pointinstant.
Thus, even though he was able to provide a satisfactory solution to the problem that Ramsey noted in relation to the construction of pointinstants out of events, Russell's Wnal method of construction is one where the elements of construction are not events but qualities, due to his eTort to eliminate unknowable substances.
